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We develop a real-time diagrammatic theory of electron waiting time distributions for quantum
transport in strongly interacting nanostructures. While existing methods address either weakly
coupled systems with strong Coulomb interactions or coherent transport in mesoscopic conductors
without interactions, our approach makes it possible to treat the interesting intermediate regime
where both interaction effects and higher-order tunneling processes are important. As an illustration
of experimental relevance, we consider a quantum dot coupled to electronic reservoirs and find that
the distribution of waiting times between transferred electrons is drastically affected by virtual charge
fluctuations and higher-order tunneling processes such as cotunneling that lead to non-Markovian
dynamics on the quantum dot, and which can now be accounted for by our theoretical framework.
Introduction.— Electronic waiting time distributions
are an important concept in the analysis of quantum
transport in nano-scale structures [1–36]. Unlike full
counting statistics, which typically considers the time-
integrated current fluctuations [37, 38], waiting time dis-
tributions are concerned with the short time-span that
passes between consecutive charge transfers in a nano-
scale conductor. The waiting time distribution contains
a wealth of information about the underlying transport
processes. For example, it has been predicted that the
waiting time distribution for a quantum point contact
should exhibit a cross-over from Wigner-Dyson statistics
at full transmission to Poisson statistics close to pinch-
off [4, 9], illustrating a profound connection between free
fermions and the eigenvalues of large matrices [39].
Among many interesting applications, waiting time
distributions have been used to characterize dynamic
single-electron emitters [3, 7, 19, 22] and to identify An-
dreev processes and Majorana states at superconductor-
normal-metal interfaces [5, 15, 16, 26, 36]. In addition
to this theoretical progress, waiting time distributions
have been measured in several recent experiments [40–
43]. On the theory side, electron waiting time distri-
butions have been considered in two opposite limits. For
sequential tunneling in Coulomb-blockade structures, the
waiting time distribution can be obtained from a master-
equation description of charge transport [1, 3, 35]. In
the other regime of phase-coherent transport of non-
interacting electrons, the waiting time distribution can be
evaluated using scattering theory [4, 7, 9], tight-binding
calculations [12], or Green’s function methods [11, 14].
However, for the interesting intermediate regime where
both interaction effects and higher-order tunneling pro-
cesses are important, a systematic theory of electronic
waiting time distributions has so far been lacking.
In this Letter, we develop a real-time diagrammatic
theory of electron waiting time distributions for quan-
tum transport in strongly interacting nanostructures.
By combining non-Markovian master equations [6] with
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FIG. 1. Real-time dynamics on the Keldysh contour. Wick
contractions of reservoir operators are shown as dashed lines.
Counted tunneling vertices after t = 0 are shown as filled
circles, while earlier ones are indicated by open circles.
the real-time diagrammatic approach to quantum trans-
port [44–46], we devise a systematic method to include
higher-order tunneling processes such as co-tunneling and
pair tunneling in the distribution of electron waiting
times. Co-tunneling processes can be described at the
level of mean currents using T -matrix approaches [45–
47], which, however, cannot account for non-Markovian
effects that influence the charge transport fluctuations
beyond average values [48, 49]. Motivated by the re-
cent experiments on waiting time distributions [40–43],
we consider tunneling between a quantum dot and exter-
nal reservoirs and find that the waiting time distribution
is strongly influenced by virtual charge fluctuations that
are included in the real-time diagrams shown in Fig. 1.
Generalized master equation.— We consider charge
tunneling in a nano-scale system whose dynamics is gov-
erned by the non-Markovian master equation [48–50]
d
dt
ρˆN (t) =
∑
N ′
∫ t
0
dt′WN−N ′(t− t′)ρˆN ′(t′)+ γˆN (t) . (1)
Here, the reduced density matrix of the system ρˆN (t) is
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2obtained by tracing out the degrees of freedom associ-
ated with the external reservoirs. Moreover, the density
matrix is resolved with respect to the number of trans-
ferred particles, so that PN (t) = Tr[ρˆN (t)] is the proba-
bility that N ≥ 0 electrons have tunneled into the reser-
voirs during the time span [0, t] [38]. Non-Markovian
master equations of this form naturally arise in the real-
time diagrammatic approach to quantum transport [44–
46] or in the Nakajima-Zwanzig projection method for
open quantum systems [51]. The kernel W describes the
non-Markovian time evolution of the system and depends
only on the time difference t− t′ in the absence of time-
dependent perturbations. In addition, the inhomogeneity
γˆN (t) =
∑
N ′
∫ 0
−∞
dt′ W˜N−N ′(t, t′)ρˆstat (2)
is crucial for a proper inclusion of correlations that build
up between the system and its environment before the
counting of particles begins at t = 0 [6, 49–53]. These
correlations decay with time and do not influence the low-
frequency fluctuations of the charge transport. On the
other hand, they are important at short times, which is
relevant in the context of waiting time distributions. The
inhomogeneity is expressed in terms of the modified ker-
nel W˜, which (in contrast to W) extends to times before
t = 0, when the counting of electrons begins. Technically,
the modified kernel includes tunneling vertices that are
not counted as indicated by open circles on the Keldysh
contour in Fig. 1 [52, 53]. Moreover, it depends both
on t and t′ and not only on their difference, since the
beginning of charge counting at t = 0 breaks the trans-
lation invariance in time. The system itself evolves from
an arbitrary state in the far past and is assumed to have
reached its stationary state ρˆstat well before t = 0.
Solving the generalized master equation is a formidable
task. However, we can use an operator-valued general-
ization of the standard generating function technique in
Laplace space by introducing the transformed density
matrix ρˆs(z) =
∫∞
0
dte−zt
∑
N s
N ρˆN (t) together with
similar definitions for the kernel and the inhomogene-
ity. Setting s = 1 traces out the number of transferred
particles and yields the stationary state from Ws=1(z =
0)ρˆstat = 0 with the normalization Tr{ρˆstat} = 1. Using
these definitions, the solution of Eq. (1) becomes [6, 49]
ρˆs(z) =
1
z −Ws(z) [ρˆstat + γˆs(z)] , (3)
which is a powerful formal result that in principle yields
the full distribution of transferred charge for any obser-
vation time. As we now will show, it also leads to a
systematic theory of electron waiting times in nano-scale
conductors, which can include both interaction effects
and higher-order tunneling processes.
Electron waiting times.— The waiting time distribu-
tion is the probability density that two consecutive tun-
neling events are separated by the time τ [1]. In recent
years, waiting time distributions have been investigated
theoretically for quantum transport in mesoscopic con-
ductors and for weakly coupled Coulomb-blockade de-
vices [1–36]. In addition, several experiments have mea-
sured waiting time distributions in nano-structures using
charge detectors [40–42]. For stationary processes, the
waiting time distribution can be expressed as w(τ) =
〈τ〉 ∂2τΠ(τ), where 〈τ〉 = −1/[∂τΠ(0)] is the mean wait-
ing time, and Π(τ) = PN=0(τ) is the idle-time probabil-
ity that no transfers have occurred during the time span
[0, τ ] [4, 9]. Importantly, the idle-time probability can be
obtained from Eq. (3) using that Π(z) = Tr{ρˆs=0(z)}.
Expanding the kernel around z = 0, we can then return
to the time domain and arrive at the expression
w(τ) = 〈τ〉
∞∑
m,k=0
1
m! k!
Tr
{
∂mz
[
J (z)Wm+k0 (z)eW0(z)τ
]
∂kz
[
J (z) + J˜ (z)
]
ρˆstat
}
z=0
, (4)
which is completely general and enables a systematic,
perturbative analysis of how tunneling processes of dif-
ferent orders, indicated by yellow diagrams in Fig. 1, con-
tribute to the distribution of waiting times. Here, we
have defined the jump operators J (z) = W1(z) −W0(z)
and J˜ (z) = ∫∞
0
dt ze−zt
∫ 0
−∞ dt
′ [W˜1(t, t′)−W˜0(t, t′)], and
we note that memory effects are encoded in non-zero
derivatives with respect to z. Thus, only the lowest order
term (k,m = 0) remains in the Markovian limit, where
we recover the well-known result [1]
wM(τ) = 〈τ〉M Tr [J eW0τJ ρˆstat] , (5)
since the kernel and the jump operators in that case do
not depend on z and the inhomogeneity vanishes.
Quantum dot.— We are now ready to apply our gen-
eral theoretical framework to a physical system of ex-
perimental relevance. We first consider a quantum dot
coupled to a single electrode. The full Hamiltonian reads
Hˆ = Hˆres + Hˆqs + Hˆtun, where Hˆres =
∑
kσ εkσaˆ
†
kσaˆkσ
describes the reservoir of non-interacting electrons. The
quantum dot, Hˆqs =
∑
σ εσdˆ
†
σdˆσ + Udˆ
†
↑dˆ↑dˆ
†
↓dˆ↓, can be
either empty |0〉, occupied by a single electron |σ〉 with
spin σ =↑, ↓, or doubly occupied |d〉, with U denoting the
Coulomb interactions on the quantum dot. An applied
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FIG. 2. Distribution of electron waiting times. The non-Markovian expression (4) is evaluated up to second order in the tunnel
coupling Γ (blue curve), while the Markovian approximation (5) is evaluated up to first (green) and second order (orange). The
parameters are kBT = U/12 and ~Γ = U/60, with the left and right panels corresponding to different gatings of the quantum
dot. The system is sketched in the inset of (b), showing the relevant excitation energies of the quantum dot.
magnetic field lifts the degeneracy of spin-up, ε↑ = ε+ ∆2 ,
and spin-down electrons, ε↓ = ε − ∆2 , where ∆ is the
Zeeman splitting. The orbital energy ε relative to the
Fermi level of the reservoir can be tuned by an exter-
nal gate voltage. Electron tunneling between the quan-
tum dot and the reservoir is governed by the Hamil-
tonian Hˆtun =
∑
kσ(g aˆ
†
kσdˆσ + g
∗ dˆ†σaˆkσ), and the tun-
nel coupling is related to the tunnel matrix elements as
Γ = 2pi|g|2ν, where ν is the density of states in the lead.
To evaluate the waiting times between electrons tun-
neling into the reservoir, we expand the kernel order-
by-order in the tunneling coupling Γ as Ws(z) =∑∞
i=1 W
(i)
s (z), with similar expressions for the jump op-
erators and the density matrix. Each term is evaluated
using the real-time diagrammatic technique for quantum
transport in nano-structures [44–46]. For each diagram
in Fig. 1, we count the number of black tunneling vertices
involving a factor of g on the upper Keldysh contour or
a factor of g∗ on the lower contour, minus the number of
black tunneling vertices involving a factor of g∗ on the
upper contour or a factor of g on the lower contour [54].
Within this framework, we evaluate the expression for the
waiting time distribution in Eq. (4) up to second order
in the coupling, w2(τ), and the Markovian approxima-
tion (5) to first, wM1 (τ), and second order, w
M
2 (τ).
Waiting time distributions.— Figure 2 shows waiting
time distributions obtained with our non-Markovian the-
ory and the Markovian approximation. The Markovian
approximations both show a strong suppression at short
times. Within these approximations, two electrons are
unlikely to leave the quantum dot almost simultane-
ously because of the strong Coulomb interactions, which
prevent the quantum dot from being doubly occupied.
After a finite time span, the quantum dot can be re-
filled, and the suppression is lifted before the distribu-
tions eventually vanish at long times. By contrast, our
non-Markovian theory reveals a different physical picture
with the suppression at short times lifted by the higher-
order processes that are now fully included. Specifically,
the systematic evaluation of the kernel involves physical
mechanisms like virtual charge fluctuations between the
quantum dot and the reservoir given by the left diagram
in Fig. 1. The right diagram corresponds to a second-
order tunneling process that includes a virtual charge
fluctuation, giving rise to a Lamb shift of the energy split-
ting between initial and final states. These processes are
already included to second order within the Markovian
approximation. However, to fully account for the induced
memory effects, our non-Markovian framework is needed.
The memory effects are clearly important for the waiting
time distributions in Fig. 2(a), where the quantum dot
level is situated well above the Fermi level of the reser-
voir, and the quantum dot is mostly empty. By contrast,
in Fig. 2(b), where we have shifted the quantum dot level
below the Fermi level, the memory effects become negli-
gible, even if a proper inclusion of the higher-order pro-
cesses remains crucial for the Markovian approximations.
In particular, if only first-order processes are included,
important short-time processes are missed, and the typ-
ical waiting times are substantially overestimated.
Transport setup.— In Fig. 3, we go on to consider a
transport setup, where a bias-voltage between two elec-
trodes drives a current through the quantum dot. We
evaluate the waiting time distribution between electrons
tunneling into the drain electrode based on Eq. (4) up
to second order in the equal couplings to the source and
the drain electrodes, ΓS = ΓD. Figure 3(a) shows a con-
ductance map as a function of the bias-voltage V and
the gate voltage, which controls the energy level ε of the
quantum dot. In the low-bias regime, Coulomb block-
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FIG. 3. Waiting time distributions for a transport setup. A bias between two electrodes drives a current through the quantum
dot. (a) Differential conductance as a function of the bias-voltage and the gate-voltage. Parameters are kBT = U/60, ∆ = 0.7U ,
and ~ΓS = ~ΓD ≡ ~Γ = U/300. (b) Waiting time distributions corresponding to the four points in the conductance map.
ade suppresses the current through the quantum dot,
and elastic cotunneling is the dominant transport mech-
anism. With an increasing voltage, additional transport
processes are activated; first inelastic cotunneling, then
sequential tunneling, and eventually all excitations are
inside the bias window such that the strong Coulomb
interactions effectively become irrelevant.
Figure 3(b) shows waiting time distributions corre-
sponding to the four points in the conductance map. At
low voltages, the waiting time distribution is suppressed
at short times, showing that elastic cotunneling processes
very rarely occur simultaneously. While the distribution
for short times is affected by the non-Markovian dynam-
ics, the tail can be captured by a Markovian approxi-
mation, similar to what was used in a recent work on
cotunneling [30]. As the voltage is increased, the sup-
pression at short times is lifted because of inelastic co-
tunneling which now becomes possible. Moreover, the
distribution becomes biexponential with the long tail de-
termined by the slow second-order process depicted in the
right diagram of Fig. 1 that occurs in addition to elastic
cotunneling. As the voltage is further increased, sequen-
tial tunneling becomes the main transport mechanism,
and the tail gradually vanishes. Still, the distribution
is not suppressed at short times due to the higher-order
processes that occur together with sequential tunneling.
Conclusions.— We have developed a real-time di-
agrammatic theory of electron waiting time distribu-
tions that enables a systematic description of interac-
tion effects and higher-order tunneling processes. Our
theoretical framework bridges the gap between non-
interacting theories of electron waiting times, valid for
phase-coherent transport in mesoscopic conductors, and
master-equation descriptions, which apply to sequential
tunneling in nano-structures with strong interactions. As
an illustrative application, we have considered the charge
fluctuations between a quantum system, such as a quan-
tum dot, an impurity, or a molecule, and external reser-
voirs. We have shown that the waiting time distribu-
tions are strongly affected by higher-order tunneling pro-
cesses including virtual charge fluctuations between the
quantum dot and the electrode, which give rise to non-
Markovian dynamics. Our work paves the way for future
investigations of waiting time distributions in systems
with strong correlations, for example close to a Kondo
resonance [55, 56] or in a Luttinger liquid [57, 58].
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